AP Calculus Review: Limits

. Explain what lim f(x) =k means.

+3 <2
. Find the value of £ such that the function f(x)= ¥ * is continuous at x = 2.
kx+6 x<2
. True or False:
x| . _ _
a. ig})x =1 b. If }gmcf(x)—Lthenf(c)—L.

c. If f(x)=g(x)for all real numbers other than x = g, and if J%1_r)r%lf(x) =L, then %L%g(x) =L.

d. For polynomial functions, the limits from the right and from the left at any point must exist and be
equal.

e. If f(x) is continuous on the interval [0, 1], /(0)=2 and f(x) has no roots in the interval, then
/(x)>0 on the entire interval [0, 1].

f. If limg(x)=0, then limﬂ(i)2 does not exist.
x—a x—>a g x

. Find a rational function having a vertical asymptote at x = 3 and a horizontal asymptote at y = 2.

. Draw a graphical counter-example to show the IVT does not hold if f ( x) is not continuous in [a, b].

2
. Identify all the asymptotes of the graph of the function y = #x_ :
x°-5x+6
Use the graph of the function y = f(x) at right to 7y :
evaluate the following limits. 4 |
a. Jli_r)rbf(x) b. )lcl_)mlf(x) c. )11_)m3f(x) F— T T
| | | [/ T
$lm/() e Jms() E lim f() N EEBNyAREN
< < 1 L
. . . . \\ x
g. xli)r%f(x) h. xlg%_f(x) i. x1i>rr31+f(x) \ T/ TT]
N\
/N
\l |
i 4

(This assignment continued on the next page.)




10.

11.

12.

13.

. Evaluate the limits without using your calculator:

2 [ a2
a. hmx_Bx b. limu)—
=3 x* +x-12 x—4  x—4

e. hm —

X300 \/_

f lim cos™ (—L)
X0 x+1

f(x+h)-f(x)
h

Evaluate lim for the functions
h—0

a. f(x)=+3x+1

Evaluate lim gl

assuming a > 0 (why?).
X0 ;ax2 +bx+c

Given that )lcl_)ml f(x)=36,

_ . g(x)
a. lim (V7 () - g() Ly

Use the graphs of the functions fand g at right to
evaluate the following limits if they exist.

a. xggz[ F(x)+g(x)] b. %i_% %
c. lim, [/ (x)+g(x)] d. )}i_)m4[f (x)g(x)]
© ;1_312 J;gg £ xgnlzg (/@)
g. xl_i,rgw[f (x)+g(x)] h. )}i_r,rgo[f (x)+g(x)]
i. lim -@

X=0 g(x)

)

c. lim

x=02x% + x? —6x-3

g. lime

X—>0

o4

lim g (A(x))

. 4
lim x'e™*
X—>0

d.

h. limIln|sinx|
x—0

b. fx)=x> (From A2T: (a+ b)3 =a’ +3a’b+3ab’> +b*)

il_grbg(x) =g(0)=5, )161_)ml g(x)=-3, chl_)ml h(x)=0, evaluate

N

—&

i

Kenny didn’t worry too much about the test because he was confident he could figure out most limit

problems with his calculator. What happened?



AP Calculus HW: Limits —1

. a. Explain in your own words what is meant by the statement lim f (x)=8.

b. Is it possible for the statement to be true if {3) is undefined? Explain (or illustrate).
c. Is it possible for the statement to be true if f{3) = 10? Explain (or illustrate).

. a. What is meant by lirgg f(x)=6 and Iirg f(x)=47

b. Is lim f (x) defined? Explain. _ = e

I 2 |
c. Is 2) defined? Explain. e 3T T |
d. What happens to the function at x = 2?7 | ' i
N 71 !
. Use the graph of fat right to evaluate the following: \ v |
a lmf(x) b limf(x) c. lim f(x) _*_/ N

i | >

d. f(1) e. }Lrgf(x) f. lﬂ? 7 (%) - . | 3 t:

g limf(x) b lim/f(x) i £(3) _ v L[]

. Sketch a graph of a function that satisfies these conditions: lixgl f(x)=-1, lirgx f(x)=1, lim f(x)=0,
x>0 x—0" x—2"
lirg f(x)=1,/0) is undefined and A2) = 1.

. Use your graphing calculator to estimate the value of the following limits. Then put the answers in your
brain.

. sinx . l—cosx et =1
a. lim D, 111 e— c. lim
x—0 X x—=0 X x—0 X

. Estimate the value of lim (1+ x)”x :

x—>0"

. One night, Kenny was doing his homework. One problem said that lirr31 g (x) =0. Kenny concluded that
the function g has a root at x =3. What happened?



AP Calculus HW: Limits —2

Y '
. Use the graph of f'at right to evaluate the following: — 7\ 4 . ——ll-- —
a. limf(x) b limf(x) c. lim f(x) | | - I
d lmf(x) e £() £ lim £ (x) L) / |
g /(0) mWaE ! /|
W - / ARR
. Given that lim £ (x) =16, lim g (x) =2, 3 2 | - / 112 A |4x
lim f (x)=f(-2)=7 (fis continuous at x = -2), = : I, 111
lm () =0, i £ (+) =5 and EEENEEE \

lim g (x)=g(16) =3 (g is continuous at x = 16), evaluate the following limits:

a. lim[ /(x)g(x)] b, tim L0 c. lim f(x)-g(x)] d. lim/f(x)

x—)—lg(x) x4
c (7] imfos/()rae()] e lim(roe)® b (g2 )(4

. Use the graphs of fand g at right to evaluate the following limits.

a. lim[ f(x)+g(x)] bolim[ f(x)e()] T4y ] 8 5
o ik o i (7o)(2 §V/‘ N
e. lim(fg)(x) . lim(gof)(x) BRCED :_¥.; -1"#%(16;;

BN AN Ly |

. If a function fis continuous at x = a (i.e., there is no “break” in the graph of fat x = a), then
lim f(x) = f(a). Evaluating a limit in this way is called “direct substitution.” Evaluate the following

X—a

limits by direct substitution:

a. lim(2x" ~3x+5) b. lim —= . lim,jem d. limxe*Inx
x—4 x-rl2  x x—-3 X x—1
x* 16 i . o . Y
. a. For f(x)= — try to evaluate by lim f (x)direct substitution. Then algebraically simplify the
X — X—=>
function and try again.
2
b. Forg(x)= h , try to evaluate by lim g (x) direct substitution. Then algebraically simplify the
4 x
function and try again.
c. Forh (x) = \/x_ _ 42 , try to evaluate by lin} f ( x) direct substitution. Then rationalize the denominator of
X - xX—>
the function and try again.

(This assignment is continued on the next page.)
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d. For f (x) = I try to evaluate by lin} f (x) direct substitution. Then algebraically simplify the

x -
function and try again.

e. If direct substitution of a limit gives the form %, does this automatically mean the limit DNE?

f. If direct substitution of a limit gives the form %, will we always be able to “fix” the function to find the
limit?

e’ —cos(2
Kenny had to evaluate lim ﬁ—xl.

x—0 X
a. Kenny noticed the denominator goes to 0 and wrote “DNE.” What happened?

. . . 0
b. Given a second chance, Kenny noticed both numerator and denominator go to 0 so he wrote 6 =1.

What happened?

AP Calculus HW: Limits -3

Evaluate the limits algebraically.

i —4Y -16 J3—-x— x+h) —x!
limx—-u 2. lim(x—l— 3. lim 3=z ﬁ 4. lim o )h z

x—2 x—2 x—0 X x>0 X h—0
) o kx+3 . ox =

limfx+3 6. lim L——I 7. lim -

x—-3 x—=-3 x4+ 3 b hx—ph

f(x+h2—f(x) for f(x) = Jx

Evaluate lim
h—=0

1-x x<0 This is an example of a piecewise defined function. The domain is (-0, ©)
but the definition of the function is different on different “pieces” of the

% If f(x) =V2r 0=x<2 ’ domain: linear when x < 0, part of a radical function for 0 <x <2 and part

10.

1.

0.5x° x22 of a parabola for x > 2.
a. Evaluate the following limits
(1) lim £ (x) @) lim f(x) (3) tim £ (x) (4) lim £ (x) () lim f(x)

b. Sketch the graph of f.

¥ _g? - 2 gt
a. Evaluate im meeee=  b. Evaluate lim === c¢. What happensto f(x)= atx=a?
T ST -4

sinZx sinZ x sinZ 1
Kenny had to evaluate lim — Kenny got [ifn) = = lim —22h = 3 . What happened?

=0 2x x—=0 X x—0



AP Calculus HW: Limits —4

. If lim f'(x) = L, which of the following are true?

X—=C

a. lim f(x)=L b. If ¢ is in the domain of fthen f{c) = L.

x—>c

c. fcan be made as close as we wish to L (but not necessarily equal to L) by making x close enough to c.
y

. Use the graph of fat right to evaluate the following limits. — T T
I T | |
. . . ]
a. ll_fgf(x) b. Llirgf(x) c. El_tgf(x) T ; ) - -
d. lirr}f(x) e. lilg} f(x) f. lim f(x) | 2 =
- X—>0 ; X
' |
. Evaluate the following limits: " I | ‘K? '
S | N
x° r
T Jx -2 - !
a. limcos(—] b. lim= c. lim =t d. limcos™ (Inx)
x—2 x+1 =4 x° —~16 x—2 -2__1 x—s1
X
+h)-
. Evaluate limf(x )=/ () for f{x) = l
h—0 h X
. x* -1
. Let fbe the function f(x) = =
x.—
a. Evaluate f{1). b. Evaluate lim f (x). c. Sketch the graph of 1.

d. Explain why fis not continuous at x = 1. (Do not simply say there is a “break” in the graph there;
explain why there is a break in the graph.

x—1 a. Evaluate f{1).
. Let fbe the function f(x)= |x_—-1-|l x# : b. Evaluate 1)(1_1}}f(x)
1 x=1 c. Sketch the graph of 1.
d. Explain why fis not continuous at x = 1.
2 a. Evaluate f{1).
. Let f'be the function f(x) = {x 1_1 J:_ti b. Evaluatefliiir)llf(x).
Sketch the graph of f.

ao

. Explain why fis not continuous at x = 1.

. Make a hypothesis based on the previous three problems: What conditions must be met for a function to be
continuous at some point x = ¢?

+h)— L A
. Kenny had to evaluate %'in%f(x ]z /() for f{x) = x>. He got }Tin&%=£ing%:l. What

happened?



AP Calculus HW: Limits -3
. Write the requirements for a function g to be continuous at x = £.

. Sketch the graph of a function that has a jump discontinuity at x = —2, a removable discontinuity at x = 1
and an infinite discontinuity at x = 4.

. The graph of fis shown at right. From the graph, HER 1yl __: ‘ l | ]
name the x—values at which f'is discontinuous. |

|
y /\! ' --/‘.._ |

For each, tell what type of discontinuity it is. } ( ' | AL/ A
| —A

. An airport parking lot charges $2 for the first L 1/ /| | \
half hour or part thereof and $1 for each ' |
additional half hour or part thereof. Sketch the o | 1 1 || 1\

N
N

graph of the parking charge as a function of time | ' [ ] |
parked and explain the real-life implications of \/ ] ]
the discontinuities in the graph (in other words, | VY 1
what do the discontinuities mean to the person -
who parks her car there?)

. For each function, name the x-value(s) where the function has a discontinuity, tell what type of
discontinuity it is and, if the discontinuity is removable, tell how to remove it.

V4 -x? x<0

a f(x)=xz_9 b. g(x)= x+l c. f(x)=12-x 0<x<2
x-3 x*—4x+4
x-3 x>2
x—a 5
. Find the value of g for which the function f (x)= x? < will be continuous at x = 2.
ax+5 x22

x* —ax
. Find the values of a and b for which the function f (x) = { 2x—8 x<4 will be continuous at x = 4.
8 —bx x=4

. Kenny was given a continuous function g and told that lirrsl g ( x) =—2 and asked to evaluate g(5). Kenny,

X—>

“learning” from a previous mistake, said there was not enough information. What happened?
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. Does the IVT apply in each case? If the theorem applies, find the guaranteed value of c¢. Otherwise,
explain why the theorem does not apply.

a. f(x)=x"-4x+1 on the interval [3, 7], N = 10.
b. f(x)=+2x—4 on the interval {2, 10], N=15.

¢ fr)=2 _33 on [0, 6], N =4
x_

. The table below shows selected values of a function fthat is continuous on [2, 9].
X 2 [ 374576 7]81]09]|

S0 312|534

a. What is the least number of roots f'may have in the interval {2, 9]? Justify your answer.
b. Would the answer be the same if f were not continuous? Explain.

. The function fis continuous on the closed interval [-1, 1] and has values P 1 0 1
that are given in the table at right. For what values of & will the equation
flx) =2 have at least two solutions in the interval [-1, 1] ? f (x ) 3 k 5

. A function g has domain [2, 5] with g(2) = 6 and g(5) =—1. Which of the following is true?
(A) g must have aroot in [2, 5].

(B) g may have arootin [2, 5].

(C) gcan not have arootin [2, 5].

. Suppose a function fis continuous on the interval [1, 5] except at x = 3 and f{1) =2 and f(5) = 7.
Let N=4. Draw two possible graphs of f, one that satisfies the conclusion of the IVT and another
that does not satisfy the conclusion of the IVT.

. a. Suppose N and D are positive numbers. What happens to the value of % if Nis constant and D — 0?

b. Suppose N is a positive number. Evaluate the following limits. When possible, be more specific than
just DNE.

(1) lim (2) lim —N— (3) lim &y
—a" x—q x—>a X —d x—=a x—a

@) lim - (5 me——  (6) lim——y
x—a (x_a) x—a (x_a) x—a (x_a)

c. Based on (1) — (3) above, sketch the behavior of the graph of f (x) = _]_V_ near x = a.
x—a

d. Based on (4) — (6) above, sketch the behavior of the graph of f (x) = ﬁ near x = a.

X—a

e. How would the graphs in part d change if N were a negative number?

) ’
. Kenny graphed the function g(x)= (—4—4L He could see that
x —

A1) <0and f{2) > 0 so by the IVT, Kenny concluded there is a root !
in (1, 2). What happened? e Y st




3.
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. Use the graph of fat right to answer the following: [ !
a. lim f(x)= b lim f(x)= i
. lim f(x)= d. lim f(x)= ] / \\'
e. lim f(x)= N T V71V
x—>5* < 1 \
f. Write equations for all the vertical asymptotes of /. 1 : \
What is the difference between the statements L :
lim f(x) =0 and lim / (x)=0? __,__i_ |
x> x—3* [ ] | 1r |

Can the graph of a function fintersect a vertical asymptote? Illustrate with a graph.

Evaluate the limits:

4.

10.

.
e (x-2)' =>-2 x? (x+2) N

) 5. lim-i 6. lim secx 7. linglnlx—Zl

2

According to Einstein’s theory of relativity, the mass of a particle with velocity v is given by

m(v)= —mﬁ‘-z- where c is the speed of light.

f v
1——
c2

What does m, represent?
What happens tom as v — ¢™?

Use your calculator to help evaluate each of the following limits.

6x—8 6x> —8 . 6x° -8
1 l- — - 2 l. e 3 1 - =
SO = e U= P ®) T s

. Based on (1) — (3) above, hypothesize a general rule for lirn-lig—l where p and g are polynomials with

x
> g ( x)
leading coefficients of P and Q respectively and

(1) Degree p <degree of p  (2) Degree of p = degree of g (3) Degree of p > degree of g
+
Kenny was asked to find all the asymptotes of the function g(x)= x—M. He wrote x=1 and y = 1.

x—1

What happened?
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1. The graph of fat right has four asymptotes.

a. lim £ (x) = b, lim £ (x)=
c. }i_gllf(x)= d. lirgg f(x)=

e. Write the equations of all the asymptotes of /.

2. Draw sketches to illustrate the difference between
lim f(x)=c0 and lim f'(x)=3.

x—3

3. Can a function intersect a horizontal asymptote?
Illustrate with a graph.

4. How many different horizontal asymptotes can one function have? Illustrate with a graph.

Vaix® +1 Jatx® +1

5. Evaluate lim e™”* 6. Evaluate both limits assuming @ > 0: lim == and lim
x_{g)* o phx+e x> hx+c
2
Find the indicated limit. Do not use your calculator.
3 2 _ 3 42 2
7. fim 22T 8. lim =i 0, lim et 10, fim S
x>0 2x° ~16 x—>- x* ~200x x>0 2x" —3x-35 ¥ (x +1)
.’I 4 _ .
11, fim St 12, lim = 13. lim sinx 14, lim 222
x—>w ]—x X—»—00 ;xz +16 X—»00 X—0  x
. Inx . e N . .
15. im e 16, Im == 17. lim e cosx 18. lim xe
X—®0 x X—>00 x X—»00 X—>—0
- -x . 2 _-sinx . n_—x : In x
19. lim cos(e ) 20. lim x°e 21. lim x"e 22, lim
X—>0 X—»00 X—»0 X—>0 y

23. Suppose P(x) and Q(x) are polynomial functions with leading coefficients 3 and 2 respectively. Evaluate

a. The degree of P is less than the degree of Q.
b. The degree of P is equal to the degree of Q.
c. The degree of P is greater than the degree of .

24. A raindrop forms in the atmosphere and begins to fall to earth. If we assume air resistance is proportional
to the speed of the raindrop, then the drop’s velocity as a function of time is given by v(t) = % (1 —e ”’)

where m is the mass of the raindrop, g is acceleration of gravity and k is a positive constant.
a. Find limv(¢). The answer is called the “terminal velocity” of the raindrop.

{—w0

b. Sketch the graph of v(¥).



25. Suppose fis a function such that < f(x)< 3(1 e ) for all x> 5. Find lim f'(x) and justify your

2x+1
answer.
x12
26. Kenny had to evaluate lim == 10° I."

a. Kenny made the graph at right and concluded the limit is infinite. ;

What happened? If
b. Given a second chance, Kenny noticed both numerator and '_|"

denominator go to co so he wrote =-1. What happened? ,-"'"

e 8} -
i Y



—

0]

(O8]

(9]

6.
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. Evaluate the following limits:

2 cosx
. x"—4x-5 . e . af 1 . - , :
a. lim === b lim === c. limtan”| = d. lim x™* e lim x’¢*Inx
X—» 2x° -1 x—0 |/ X x>0 X X—0 X—»©

x +2bx + b?

. (No calculator.) Where does the function f (x) = ey have a vertical asymptote?
(A) Atx=-b only (B) Atx=>bonly (C) Atx=-bandx=5b (D) Nowhere
. Jx -1
. (No calculator.) The function f(x)= — has how many
a. roots? b. vertical asymptotes? ¢. horizontal asymptotes?

x? x<2

. Find the values of a and b that will make f (x) = 1ax+ b 2<x<4 continuous for all x.

x-3 x>4

. Suppose fis continuous on [-2, 5]. f[-2) =6, f(3) =—4 and f{5) =-1. Which of the following are true?
Justify your answers.
a. fhas a root in the interval [-2, 3].
b. fhas no root in the interval [3, 5].

c. £1_r)121f(x)= £(2)
d. The equation f{x) = -2 has at least two solutions in [-2, 5].

e. lim f(x)= lirg 7f(x).

x—=0"
f. fhas an absolute maximum value in [-2, 5].
g. fhas an absolute maximum value in (-2, 5).
h. There is at least one solution to f{x) =—1 in (-2, 5).
i. There is at least one solution to f{x) =6 in (-2, 5).

for Ax)=x*-3x+1.

f(x+h)- f(x)
h

Evaluate lim
h—0

Kenny was to evaluate lim xcot x . He reasoned limxcotx = (lim x) (lim cot x) =(0)( Whatever)=0.

x—0 x—0 x>0 x—0
What happened?



